Tube Hydroforming (THF) is getting an increasing amount of attention in industry. THF has advantages such as weight reduction, high dimensional accuracy, and high rigidity. However, this forming process requires precise control of internal pressure and axial feeding. Additionally, in most cases prebending processes must be performed on the tubes before the hydroforming process can be carried out, and the forming ability of the hydroforming processes is influenced by the outcome of this prebending process. We describe the development of the Finite Element Method (FEM) code for THF analysis and a comparison of experimental and analytical results. The elastoplastic FEM code for THF analysis has been developed based on ITAS3D which is a sheet-metal-forming simulation program using the static explicit method. The algorithm of hydraulic pressure has been newly implemented in ITAS3D. Hydrostatic copper tube bulging with a cylindrical die was calculated with the code, and analytical results show good agreement with experimental ones. In this calculation, there is only a very small difference between the solid element and shell element results.
Introduction
Recently, from the viewpoint of the preservation of the global environment and impact-damage resistance, product design which satisfies both lightweight structure and high rigidity simultaneously has become a task which requires special techniques in the automobile industry. Tube hydroforming is one technology that can be used to achieve both targets, as well as to save costs. Recently, this technology has been gaining increasing attention in industry.
Tube hydroforming caters to the demands of weight reduction as it requires, for example, fewer parts, higher dimensional accuracy, and higher rigidity compared to conventional manufacturing methods. Applications of tube hydroforming can now be found in the automobile and aircraft industries. [1] [2] [3] [4] There still are, however, difficult problems to which conventional technical know-how cannot be applied, such as control of hydraulic internal pressure and the amount of feeding in the longitudinal direction. The capability of the hydroforming process is also largely governed by the outcome of the prebending processes. As a result, various types of defects, such as buckling and breakage, may occur if the process parameters are not properly set. These parameters normally are determined by trial and error.
Fundamental aspects of the tube hydroforming process have been studied experimentally and theoretically. 1, [5] [6] [7] [8] [9] [10] [11] Through these studies, process characteristics of tube hydroforming have been gradually understood. On the other hand, there are few reports on the formability of actual engineering parts, from either an experimental or theoretical point of view. 12, 13) Although in some studies the tube bending process has been considered as a preforming process of tube hydroforming, 14) studies on multistage processes are scarce. 15) In this paper, we describe the development of the finiteelement-method (FEM) code for the simulation of the tube hydroforming process. The elastoplastic FEM code has been developed based on ITAS3D 16) which is a sheet-metalforming simulation program using the static explicit method. The simulation of hydrostatic tube bulging with a cylindrical die was carried out and a comparison of experimental and analytical results was performed to verify the validity of the code.
Finite-Element Formulation

Variational principle
ITAS3D is a sheet-metal-forming-simulation program based on elastoplastic FEM using the static explicit method. The updated Lagrangian rate formulation is used to describe the finite deformation. The rate form of the equilibrium equations and boundary conditions are equivalently expressed by the principle of virtual work in the rate form:
where V and S denote, respectively, the domain occupied by the body and its boundary at time t. S À is the part of the boundary S on which the rate of hydraulic pressure _ F F is prescribed. S C is the part of the boundary S on which the rate of traction _ f f (other than the hydraulic pressure) is prescribed. Hence, the boundary S t on which the total rate of traction is prescribed is given as S t ¼ S C þ S À . is the Cauchy stress tensor;
J is the Jaumann rate of the Kirchhoff stress tensor;
L is the velocity gradient tensor; and D is the strain rate tensor, which is the symmetric part of L. v is the virtual velocity field satisfying the condition v ¼ 0 on the velocity boundary. The only difference between eq. (1) and the one proposed by McMeeking and Rice 17) is the assumption that the volume of the body does not change, i.e., detðFÞ ¼ detðx=XÞ ¼ 1. As a result of this assumption, J ¼ J is achieved.
Constitutive equation
Small-strain linear elasticity and large deformation, rateindependent work-hardening plasticity is assumed. Hill's quadratic yield function 18) and the associated flow rule are used. The elastoplastic constitutive equation can be written in the form
where C ep ijkl is the tangent elastoplastic modulus. Introducing eq. (2) into eq. (1), the final form of the principle of virtual work is obtained as
where
Finite-element equations
The procedure for solving the formulation stated above follows the standard process of static explicit analysis. Equations (2) and (3) are integrated from time t to t þ Át, where Át is a small time increment. The displacement increment, the Jaumann stress increment and the increment of the displacement gradient are written as
and all the rate quantities are simply replaced by incremental quantities, assuming that rates are kept constant within an increment. Performing a standard finite-element discretization, eq. (3) can be replaced by a system of algebraic equations:
where K is the elastoplastic stiffness matrix. The terms ÁF C , ÁF À and ÁC C come from the right-hand side of eq. (3) where the derivative _ f f must be replaced by the expression
f f j e j (sum on i and j). The term ÁF C Áf i e i denotes the increment of the external force vector and the term ÁC C f i Áe i expresses the rotation of the total force vector during the increment. The replacement of the derivative _ F F by the expression stated above will be shown in the next section.
In the ITAS3D code, a static-explicit approach to a solution of eq. (4) is applied. The stiffness matrix K is described at time t, and is considered constant within the increment Át. The generalized r min method 19) is employed to limit the size of the increments.
Formulation of hydraulic pressure
A discretization of the hydraulic pressure is shown. [20] [21] [22] A degenerated 4-node shell element and an 8-node solid element are employed in the simulation, so that the discretization for these elements is performed.
Let us consider a rectangular element on which the hydraulic pressure vector Pn acts. Pn is assumed to act upon the middle surface of shell elements and upon an element surface of solid elements, as illustrated in Fig. 1 . Assuming the hydraulic pressure vector to be traction, the equivalent nodal force increment vector ÁF e À for an element of the form ÁF À in eq. (4) is given as
where S e denotes the element area on which the hydraulic pressure acts, È is a [3 Â 12] matrix consisting of shape function N k , and n is the unit normal. È and n are respectively given as
The first term of the right-hand side of eq. (5) denotes a vector of the hydraulic pressure increment and the second term expresses the rotation of a vector of the total hydraulic pressure during the increment. The following relations can be employed on the surface S e :
where x k denotes the coordinates of the element nodes. Introducing eqs. (8) and (9) into the first term of the righthand side of eq. (5), the vector of the hydraulic pressure increment is obtained as 
The incremental form of n (eq. (7)) can be written as
Introducing a vector of the element nodal point displacements increment, 
where the subscript j on Áx i j denotes the direction X, Y, or Z, and the superscript i on Áx i j denotes the node number, into eq. (11), we obtain
where e ijk is the permutation symbol, j; k ¼ 1; 2; 3, and l ¼ 1; . . . ; 4. M is a [3 Â 12] matrix. Introducing eq. (13) into the second term of the right-hand side of eq. (5), the rotation of a vector of the total hydraulic pressure is obtained in the form
Equation (14) can be rearranged as
where K e Án is a [12 Â 12] matrix. According to the boundary conditions applied to the edge of the tube, in some cases K e Án becomes asymmetric.
By using eqs. (5), (10) and (15), the element stiffness equation is finally obtained as 
Án ÞÁu e ¼ ÀÁP
By assembling eq. (17), we ultimately obtain the global stiffness equation for the hydroforming simulation.
Strategy of discontact for shell elements
In the sheet stamping simulation, if the normal component of the total force vector becomes 0, the contact node is considered to become free from tool. 23) However, it is impossible to separately define the nodes on which the tool reaction force vector acts and on which the hydraulic pressure vector acts in the hydroforming simulation using shell elements, because there is only one node in the thickness direction. As a result, the conventional strategy of discontact used in ITAS3D is not applicable in the hydroforming simulation using shell elements. Hence, a new strategy of discontact is proposed.
In ITAS3D, the total force vector associated with the contact node represents the tool reaction force vector. In this strategy, the assumed hydraulic pressure vector which may actually act on the contact node is calculated separately. When the normal component of the total force vector becomes equivalent to that of the assumed hydraulic pressure vector, that is, P in eq. (5), then the contact node is considered to become free from tool. This strategy is schematically shown in Fig. 2 . In this figure, the normal component of the total force vector is set to be positive and that of the assumed hydraulic pressure vector is set to be negative. Based on the above, r min with respect to discontact can be written in the form
where F T denotes the normal component of the total force vector, ÁF T is the increment of F T , P is the normal component of the assumed hydraulic pressure vector and ÁP is the increment of P.
Simulation of Tube Bulging with Cylindrical Die
Analytical model
A copper tube subjected to hydrostatic bulge forming with a closed die 6) is calculated to verify the validity of the code developed in this study. Figure 3 shows the geometries of the cylindrical die and the bulged tube used in the simulation. Considering the symmetric property of the deformation, the tube is divided into 4 parts in the circumferential direction, and 2 parts in the longitudinal direction and thus a 1/8 part is modeled. The symmetrical boundary conditions are applied to the nodes on the symmetry planes. The edges of the tube are aligned with the longitudinally rounded part of the die and the nodes on the edges are fixed in the longitudinal direction. The Coulomb friction law is assumed for friction between the die and the tube, and a coefficient of friction of 0.1 is assigned. However, the tube does not slide on the tool surface in this deformation process, so the influence of friction would be negligible.
An annealed seamless deoxidized copper tube is used as the blank. The dimensions are 40 mm outer diameter, 80 mm length and 1 mm wall thickness. Swift equation is used to model the stress-strain curve. Mechanical properties of the tube adopted in the simulation are shown in Table 1 .
Four-node degenerated shell elements and 8-node solid elements are employed for the tube model. Assumed strain field (ASF) elements 24) and selective reduced integration (SRI) elements are respectively used for shell elements and solid elements. For the tube meshes, 10 divisions in the circumferential direction and 40 divisions in the longitudinal direction are made, as well as 2 divisions in the thickness direction for solid elements.
This forming process can be divided into two stages: the free bulging process and the deformation process after coming into contact with the die. In this study, the radial expansion at the center of the tube Árc (within the range of 0:0 mm Árc 6:0 mm) for the free bulging process and the contact length between the tube and the straight part of the die Ld for the deformation process after coming into contact with the die are taken as the parameters to represent each deformation process. The definitions of these parameters are shown in Fig. 3. 
Comparison of analytical and experimental results
The relationship between the hydraulic internal pressure and the radial expansion at the center of the tube within the free bulging process is shown in Fig. 4 . We can see that the radial expansion Árc gradually increases up to 8 MPa, after which it increases exponentially. There is good agreement between the simulated and experimental results. Although some difference between the result obtained with solid elements and that obtained with shell elements is seen and the former is closer to the experimental result than the latter, this difference is negligible and it can be said that both results are in good agreement with that of the experiment.
Subsequently, the tube begins to come into contact with the straight part of the die. The relationship between the hydraulic internal pressure and the contact length between the tube and the straight part of the die is shown in Fig. 5 . Initially, the contact length increases exponentially, just like the increase of the radial expansion in the range of internal pressure of 8 to 10 MPa, as shown in Fig. 4 . It finally saturates at 30 MPa. This result also shows good agreement between the simulated and experimental results. Figures 4 and 5 show that the relationship between the hydraulic internal pressure and the deformation process, i.e., the tube expands exponentially from 8 to 30 MPa, is well reproduced in the simulation.
The distributions of circumferential strain in the longitudinal direction at several stages obtained from the simulation with shell elements and that with solid elements are compared with those from the experiment in Fig. 6 . In this figure, the origin of the horizontal axis corresponds to the center of the tube, and the stages at Árc ¼ 3:6, 4.4, 5.4 mm and Ld ¼ 18:2 mm are shown. Good agreements can be seen between the experimental results and analytical ones with both solid elements and shell elements. It can be considered that the circumferential strain distribution represents the profile of the deformed tube, so we can say that Fig. 6 shows good agreement in the profiles of the deformed tube at each stage of the deformation process.
The distributions of thickness strain in the longitudinal direction at several stages, obtained from the simulation with shell elements and that with solid elements, are compared with those from the experiment in Fig. 7 . The definition of calculated thickness strain is unclear when solid elements are used, because the nodes which were aligned in the thickness direction before the deformation are not in line after the deformation. Therefore, in this study, we define the thickness strain of the tube in the simulation using solid elements as the average between the calculated thickness strain on the nodes on the outer surface and that on the inner surface, as shown in Fig. 8 .
The stages shown in Fig. 7 are the same as those in Fig. 6 . Although small differences are seen near the edge of the tube and the calculated thickness strain near the edge is larger than Fig. 8 Definition of thickness strain in the case of using solid elements. l: Thickness strain at the node on the outer surface. s: Thickness strain at the node on the inner surface. " n : Average of s and l, which is taken to be the analytical thickness strain.
that in the experiment in all cases, we can see good agreement between the experimental results and the analytical ones for both shell elements and solid elements. The reason for the difference near the edge is considered to be the difference in the way of fixing the edge between the experimental model and the analytical model. However, the development of thickness strain near the edge can also be seen in the experimental result, so we can say that qualitative agreement is achieved. On the basis of the results presented above, it can be said that the calculated strain distributions show good agreement with the experimental ones, as well as the relationship between the hydraulic pressure and the deformation process. Hence, these results confirm the high accuracy of the code developed in this study. Moreover, they also clarify that the results obtained with shell elements are sufficiently accurate compared to those obtained with solid elements in the calculation of thin tube hydroforming.
Conclusions
An elastoplastic FEM code for the simulation of the tube hydroforming process was developed based on the static explicit code ITAS3D. The formulation of the hydraulic pressure boundary condition and a new strategy of discontact for shell elements were newly implemented in ITAS3D. The simulation of hydrostatic tube bulging with a cylindrical die was performed. Results obtained in this study are summarized as follows.
(1) Good agreements were seen between the simulated and experimental results in terms of not only the relationship between the hydraulic pressure and the deformation process but also strain distributions. This confirmed the validity of the code. (2) It was clarified that the results obtained with shell elements are sufficiently accurate compared to those obtained with solid elements in the calculation of thin tube hydroforming.
